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A field-theoretical space-time position operator can be properly defined for the Dirac 
field, the Klein-Gordon field and the photon field, where its temporal component can also 
represent an observable according to the formalism of POVMs. To achieve this, the 6×1 
spinor representation of the photon field and the Feshbach-Villars representation of the 
Klein-Gordon field are used. Such a space-time position operator plays the role of a 
generalized Noether charge associated with a local U(1) symmetry, and its second-quantized 
form shows that quantum fields possess zero-point times, which implies that a zero-point 
fluctuation of energy must be accompanied with a zero-point fluctuation of time, and then 
in agreement with the time-energy uncertainty principle. In practice, some possible physical 
effects associated with the presence of zero-point times, remain to be found.  
PACS numbers:  03.65.Pm, 03.70.+k 
1. INTRODUCTION 
Historically, a number of attempts have been made to introduce a position operator 
within the framework of relativistic quantum mechanics, (1-12) but none of them has been 
completely satisfactory. This difficulty (as well as other difficulties, such as the 
negative-energy or negative-probability problem) originates from the fact that, at relativistic 
energies the number of particles of a given type is not a constant such that a single-particle 
theory would no longer work. As a result, relativistic quantum mechanics was ultimately to 
give way to quantum field theory that is interpreted as a many-particle theory. 
Correspondingly, the transition from a nonrelativistic to a relativistic description implies 
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that the concept of single-particle position operator should be replaced with that of 
field-theoretical position operator.  
On one hand, in the sense of single-particle, relativistic quantum mechanics requires 
that spatial and temporal coordinates should be treated equally, they together construct a 
four-dimensional (4D) space-time coordinate ( , )x tμ = x , and form a commutation relation 
ˆ[ , ] ip x gμ ν μν=  with a 4D momentum operator ˆ ip xμ μ= ∂ ∂ (where , 0,1,2,3μ ν = , 
1c= =? , and diag(1, 1, 1, 1)g μν = − − −  is the space-time metric tensor). On the other hand, 
one imposes self-adjointness as a requirement for any observable, but according to Pauli's 
argument,(13-16) there is no self-adjoint time operator canonically conjugating to a 
Hamiltonian if the Hamiltonian spectrum is bounded from below. As a consequence, in 
traditional quantum mechanics, time enters as a parameter rather than a dynamical operator, 
and the investigations on tunneling time, arrival time and traversal time, etc., still remain 
controversial today. (17-35) A way out of this dilemma is based on the use of positive operator 
valued measures (POVMs): (15, 16, 35-38) quantum observables are generally positive operator 
valued measures, e.g., quantum observables are extended to maximally symmetric but not 
necessarily self-adjoint operators, in such a way one preserves the requirement that time 
operator be conjugate to the Hamiltonian but abandons the self-adjointness of time operator. 
After all, there exist enough reasons for us to consider time as an observable, e.g., time 
undoubtedly acquires dynamical significance in questions involving the occurrence of an 
event.  
In this paper, contrary to the traditional attempts of introducing a single-particle 4D 
position operator into relativistic quantum theory, we will introduce a field-theoretical 4D 
position operator that describes some kind of average space-time position of field quanta 
(e.g., the space-time position of the particle-number center or charge center of quantum 
fields), where its temporal component is related to a single-particle time operator 0i p∂ ∂ . 
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Though 0i p∂ ∂  is not self-adjoint because of 0 (0, )p ∈ +∞ , according to the formalism of 
POVMs, it can represents an observable.  
2. SPACE-TIME POSITION OPERATOR OF THE DIRAC FIELD 
As the theoretical basis of this paper, this section will be discussed in detail, while the 
discussions for the remainder are similar. In contrast to other quantum fields, the Dirac field 
( ) ( , )x tψ ψ= x  has some especial properties: its Schrödinger equation ˆi t Hψ ψ∂ ∂ =  does 
not imply that the time components 0ˆ ip t= ∂ ∂  and 0x t=  play special roles. Firstly, the 
Dirac equation has four equivalent forms: ˆi ( ) = ( )x H xμ μψ ψ∂ , where 0ˆ ˆH H=  and 
ˆ (i i )H mν μμ μ ν μ μγ γ γ γ= − ∂ − ∂ +  (the repeated indices in ν νγ ∂  are summed but those in 
μ
μγ ∂  not, and the Dirac matrices satisfy 2gμ ν ν μ μνγ γ γ γ+ = ). Likewise, for an operator 
Fˆ  (including the field operator ( )xψ  itself), one can prove that its Heisenberg equation 
has four equivalent forms ˆ ˆ ˆ ˆd d i[ , ]F x F x H Fμ μ μ= ∂ ∂ + . Secondly, let i[ , ] 4Sμν μ νγ γ=  
denote the 4D spin tensor of the Dirac field, the commutation relations ˆ[ , ] ip x gμ ν μν=  and 
ˆ[ , ] 2H x Sμ ν μν= −  show that all related space-time components are on an equal footing. Let 
ψ +  denote the hermitian conjugate of ψ  (and son on), and 0ψ ψ γ+= , applying the Dirac 
equation ˆˆ = ( , )p H tμ μψ ψ x , one can prove that the 4D momentum of the Dirac field is 
3 3ˆ ˆˆ d dP p x H xμ μ μψ ψ ψ ψ+ += =∫ ∫ .  
For our purpose, let us firstly introduce the concept of generalized Noether charge. Let 
( ) ( )x h xννθ ε= , where νε ’s ( 0,1,2,3ν = ) are infinitesimal real constants, hν ’s are real 
functions or Hermitian operators. Assume that an infinitesimal Abelian transformation is 
imposed on the free Dirac field ( ) ( , )x tψ ψ= x  by 
             ( ) ( ) exp[ i ( )] ( ) [1 i ( )] ( )x x x x x xψ ψ θ ψ θ ψ′→ = − = − ,             (1) 
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such that the free Dirac field’s Lagrangian density ( )(i ) ( )x m xμ μψ γ ψ= ∂ −L  transforms as  
                 ( )(i ) ( )x D m xμ μψ γ ψ′ ′ ′→ −L L = ,                       (2) 
where i ( )D e xμ μ μθ= ∂ + ∂  is a covariant derivative (for convenience let 1e = ). For the 
moment, ( ) ( ) ( )A x x h xνμ μ ν μθ ε= ∂ = ∂  is an infinitesimal gauge potential, and its free 
Lagrangian density, as a high-order infinitesimal ( 2( )νε∼ Ο ), is omitted from the new 
Lagrangian density ′L . Under the transformation (2), the variation δ ′ −L = L L  is  
        
2
(1 i )i [ i( )](1 i ) (1 i )(1 i )







δ ψ θ γ θ θ ψ ψ θ θ ψ
ψ γ ψ ψψ ε
+ ∂ + ∂ − − + −
− ∂ − = Ο →
L =
         (3) 
That is, the Lagrangian density L  is invariant under the transformation (2). On the other 
hand, applying ( )(i ) ( )x m xμ μψ γ ψ= ∂ −L  one can prove that (note that 2( ) 0νεΟ → ): 
           ( ) 0μ
μ
δ δ δδ δψ δψ δ ψδψ δψ δ ψ+ + ∂ =∂
L L L
L = ,                    (4) 
where iδψ ψ ψ θψ′= − = , iδψ ψ ψ θψ′= − = − , and ( ) i ( )Dμ μ μ μδ ψ ψ ψ θ ψ′∂ = − ∂ = − ∂ . 
Using (i ) 0mμ μδ δψ γ ψ= ∂ − =L  and hννθ ε= , Eq. (4) becomes  
             i [ ( )] 0h hν νν μ
μ
δ δδ ε ψ ψδψ δ ψ− + ∂ =∂
L L
L = .                     (5) 
Substituting the Euler-Lagrange equation ( )μ μδ δ ψ δ δψ∂ ∂ =L L  into Eq. (5), and 
omitting the arbitrary parameters νε ’s, Eq. (5) becomes  
             ( i ) [ i ( ) ] 0h hν νμ μ
μ μ
δ δψ ψδ ψ δ ψ∂ − − − ∂ =∂ ∂
L L .                     (6) 
Let  
             iJ hμν ν
μ
δ ψδ ψ= − ∂
L , i ( )I hν νμ
μ
δ ψδ ψ= − ∂∂
L ,                   (7) 
where jμν  is called a 4D current-density tensor, and Iν  is called a 4D interaction-current 
vector, in terms of them, Eq. (6) can be written as a generalized equation of continuity 
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                   J Iμν νμ∂ = .                                         (8) 
Then a generalized Noether charge can be defined as  
               0 3 3
0
d dQ J x h xν ν νδ ψδ ψ= = ∂∫ ∫ L .                             (9) 
As a consequence of the local U(1) transformation symmetry, Eq. (9) is more general than 
the usual Noether charge associated with the global U(1) transformation symmetry. For 
example, the generalized Noether charge includes both conserved and nonconserved 
charges, and then takes the usual Noether charge as its special case, just as that the local 
U(1) transformation takes the global U(1) transformation as its special case.  
To present an application of the generalized Noether charge, let pˆννθ ε=  firstly, 
where νε ’s ( 0,1,2,3ν = ) are infinitesimal real constants. As we know, the 4D momentum 
Pˆμ  of the Dirac field is a usual Noether charge associated with the symmetry under 
space-time translations. Now, we will show that it can be also regarded as a generalized 
Noether charge. As pˆννθ ε= , i.e., ˆh pν ν= , Eq. (1) becomes the following infinitesimal 
transformation:  
            ˆ ˆ( ) ( ) exp( i ) ( ) (1 i ) ( )x x p x p xν νν νψ ψ ε ψ ε ψ′→ = − = − ,              (10) 
and then one has ˆ( ) i ( )x p xννδψ ε ψ= − . Owing to ˆ ˆ( )p pν νμ μψ ψ∂ = ∂ , form the relation 
ˆ ˆ ˆ( ) ( )p p pν ν νμ μ μψ ψ ψ∂ = ∂ + ∂  one has ˆ( ) 0pνμ∂ = . Inserting ˆh pν ν=  and ˆ( ) 0pνμ∂ =  
into Eq. (7), one has 0Iν = , and Eq. (8) becomes 0J μνμ∂ = , where J μν  is called the 
effective energy-momentum tensor of the Dirac field  
                 ˆiJ pμν ν
μ
δ ψδ ψ= − ∂
L .                                   (11) 
On the other hand, as we know, the equation 
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                 ˆiT p gμν ν μν
μ
δ ψδ ψ= − −∂
L
L                               (12) 
gives the usual energy-momentum tensor of the Dirac field. However, to calculate T μν , one 
can apply the fact that the field quantity ψ  satisfies the Dirac equation (i ) 0mμ μγ ψ∂ − = , 
such that the Lagrange density (i )mμ μψ γ ψ= ∂ −L  vanishes (but its functional derivative 
does not vanish), and Eq. (11) is equivalent to Eq. (12). As a result, the 4D momentum Pˆμ  
of the Dirac field is also a generalized Noether charge, namely 
            3 0 3 3
0
ˆ ˆ ˆd i d dP xJ p x p xμ μ μ μδ ψ ψ ψδ ψ
+= = − =∂∫ ∫ ∫L .                (13) 
Let 0p x p t⋅ = − ⋅p x , 2 20p m= +p , 3d x V=∫ , the field quantity ψ  can be written as 
     
,
1( ) [ ( , ) ( , )exp( i ) ( , ) ( , )exp(i )]
s
x c p s u p s p x d p s v p s p x
V
ψ += − ⋅ + ⋅∑
p
,        (14) 
where ( , )u p s  and ( , )v p s  satisfy the orthonormality and completeness relations 
          
,
0 0
0 0 4 4
( , ) ( , ) ( , ) ( , )
( , , ) ( , ) ( , , ) ( , ) 0
[ ( , ) ( , ) ( , , ) ( , , )]
s s
s
u p s u p s v p s v p s
v p s u p s u p s v p s





′ ′⎧ = =⎪⎪ ′ ′− = − =⎨⎪ + − − =⎪⎩∑
p p
p p
,                (15) 
and the creation and annihilation operators satisfy the anti-commutation relations 
           , ,{ ( , ),  ( , )} { ( , ),  ( , )} s sc p s c p s d p s d p s δ δ+ + ′ ′′ ′ ′ ′= = p p .                 (16) 
The others vanish. Applying Eqs. (13)-(16) and consider that 
3
,d exp[ i( ) ]x p p x Vδ ′′± − ⋅ =∫ p p , 3 0 ,d exp[ i( ) ] exp( i2 )x p p x p t Vδ ′−′± + ⋅ = ±∫ p p ,   (17) 
one can obtain 





ˆ (i t) d [ ( , ) ( , ) ( , ) ( , ) 1]
ˆ ( i ) d [ ( , ) ( , ) ( , ) ( , )]
s
s
P x c p s c p s d p s d p s p











,        (18) 
This is in agreement with the traditional results. Eqs. (13) and (18) together show that, in 
 7
the sense of the second quantization, 0ˆ ip t= ∂ ∂  can be regarded as a single-particle 
energy operator. 
As another application of the generalized Noether charge, we will introduce a 
field-theoretical position operator of the Dirac field, which is denoted as Xˆ μ . For this, we 
now take xννθ ε=  such that Eq. (1) becomes a local (and infinitesimal) U(1) 
transformation, and the generalized Noether charge given by Eq. (9) reads ( 0,1,2,3μ = )   
           0 3 3 3
0
ˆ d i d dX J x x x x xμ μ μ μψ ψ ψψ
+∂= = − =∂∂∫ ∫ ∫L .                (19)  
For the moment, Iν νψγ ψ=  is the 4D current-density vector. As a generalized Noether 
charge associated with the local U(1) symmetry, 0ˆ ˆ ˆ( , )X Xμ = X  is not a conserved quantity: 
ˆd d 0X tμ ≠ . Eqs. (13) and (19) together show that Xˆ μ  is related to the single-particle 
coordinate xμ  in manner of Pˆμ  being related to the single-particle momentum pˆμ , 
where xμ  and pˆμ  form a conjugate pair ˆ[ , ] ip x gμ ν μν= . Likewise, substituting Eqs. 
(14)-(17) into Eq. (19) , one can obtain (see APPENDIX A) 





ˆ [ ( , ) ( , ) ( , ) ( , ) 1](i )
ˆ [ ( , ) ( , ) ( , ) ( , )]( i )
s
s
X c p s c p s d p s d p s p
c p s c p s d p s d p s
+ +
+ +






,         (20) 
Note that 0i p∂ ∂  is invariant under the transformation →−p p , and then the zero-point 
term presented in 0Xˆ  does not vanish. Therefore, the Dirac field has not only a zero-point 
energy, but also a zero-point time. That is, owing to the time-energy uncertainty relation, a 
zero-point energy-fluctuation is accompanied with a zero-point fluctuation of some kind of 
time scale. Eqs. (18) and (20) together (rather than Eq. (18) solely) show that the Dirac field 
is equivalent to a set of particles with single 4D momentums and single 4D positions. 
    Following the definition of center of mass, one can interpret Xˆ μ  as describing the 
space-time position of center of particle-number or charge. 
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3. SPACE-TIME POSITION OPERATOR OF THE KLEIN-GORDON FIELD 
As an example, let us consider a neutral spin-0 field. With the help of the 
Feshbach-Villars representation (39) of the Klein-Gordon field, one can introduce a 
field-theoretical space-time position operator into the Klein-Gordon field, and the 
arguments and procedure are similar to those used in the preceding section. In the 
Feshbach-Villars representation, the Lagrangian density L  of the Klein-Gordon field can 
be written as (in this section ψ  denotes the Klein-Gordon field and + 3sψ ψ= ): (40) 
              3 2 3i [ ( i ) 2 ]t s s m m sψ ψ ψ ψ ψ ψ= ∂ − ∇ + ∇ −L ,                 (21) 
where 




−⎛ ⎞= ⎜ ⎟⎝ ⎠ , 3
1 0
0 1
s ⎛ ⎞= ⎜ ⎟−⎝ ⎠ .                           (22) 
One can examine that the Lagrangian density L  given by Eq. (21) is invariant under the 
transformation Eq. (1) (but now ψ  is the Klein-Gordon field), and the corresponding 
equation of continuity is 3( )d 0J I xμν νμ∂ − =∫  provided that  
                 33 2[ ( i ) ]d 0s s xψ ψ∇⋅ + ∇ =∫ ,                            (23) 
where J μν  and Iν  are expressed by Eq. (7). Likewise, the generalized Noether charge is 
given by Eq. (9). In the first-quantized sense, using + 3sψ ψ=  the inner product and the 
mean value of an operator Lˆ  are defined as, respectively, 
              3d xψ ψ ψψ′ ′≡ ∫ , 3ˆ dL L xψ ψ≡ ∫ .                      (24) 
Let ˆh pμ μ= , applying Eq. (23) and the Schrödinger equation of the Klein-Gordon field  
              23 2 3i [ ( i ) ( 2 ) ]t s s m s mψ ψ∂ ∂ = − + ∇ + ,                      (25) 
one can easily prove that the 4D momentum of the Klein-Gordon field, as a generalized 
Noether charge in our formalism, is given by 
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              3 3
0
ˆ ˆ ˆi d dP p x p xμ μ μδ ψ ψ ψδ ψ= − =∂∫ ∫L .                        (26) 
The general solution of Eq. (25) can be written as (for neutral field): (40) 
         
1 01( , ) [ exp( i ) exp(i )]
0 12 p p
t a p x a p x
V
μ μ
μ μψ +⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∑px ,            (27) 
where the creation and annihilation operators satisfy the commutation relations 
,[ ,  ]p pa a δ+′ ′= p p  (the others vanish) such that 
               3[ ( , ),  ( , )] ( )t tα β αβψ ψ δ δ′ ′= −x x x x .                        (28) 
Inserting Eq. (27) and + 3sψ ψ=  into Eq. (26), and applying ,[ ,  ]p pa a δ+′ ′= p p  one can 
obtain  
              
0 3 0
3
ˆ (i t) d [ (1 2)]
ˆ ( i ) d ( )
p p
p p












.                    (29) 
Likewise, we take the generalized Noether charge given by Eq. (9) with h xμ μ=  as the 
field-theoretical space-time position operator of the Klein-Gordon field. From 
3ˆ dX x xμ μψ ψ= ∫  one can obtain  
                
0
0
ˆ [ (1 2)](i )
ˆ ( )( i )
p p
p p










.                            (30)  
Therefore, there is also a zero-point time. For the moment, the space-time position operator 
Xˆ μ  can describe the space-time position of center of particle-number. 
    It is very important to note that, to ensure that Eq. (24) is meaningful, we choose the 
normalization factor as 1 2V  rather than 1 2EV , such that the field quantities have 
the dimension of [1/length]3/2 (rather than [1/length]) and do not correspond to any 
representation of the Lorentz group. This presents no problem provided that one can 
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ultimately obtain Lorentz-covariant observables. In fact, in nonrelativistic quantum 
mechanics, the wave functions of the spin-0, spin-1/2 and spin-1 particles all are probability 
amplitudes with the dimension of [1/length]3/2, and do not correspond to any representation 
of the Lorentz group. Therefore, the wave functions of the spin-0 particle are the 
nonrelativistic limits of the field quantities presented in our formalism (rather than those 
presented in standard quantum field theory). In the first-quantized sense, the field quantities 
presented in our formalism can be regarded as charge-density amplitude or particle-number 
density amplitude, which is an extension for the concept of probability amplitude. All 
mentioned here are also valid for Section 4. 
4. SPACE-TIME POSITION OPERATOR OF THE PHOTON FIELD 
Historically, in spite of the traditional conclusion that single photon cannot be localized, 
(1-2) there have been many attempts to develop photon wave mechanics which is based on 
the concept of photon wave function.(41-48) In particular, some recent studies have shown 
that photons can be localized in space. (49-51) However, whether all these investigations are 
completely satisfactory or not, in the sense of quantum field theory, the photon field as a 
many-particle system, its field-theoretical space-time position operator can be properly 
defined, which describes an average space-time position of the photon field, i.e., the 
position of the particle-number center. To accomplish this, we will resort to the 6×1 spinor 
representation of the Maxwell field.  
In vacuum the electric field, 1 2 3( , , )E E E=E , and the magnetic field, 1 2 3( , , )B B B=B , 
satisfy the Maxwell equations  
                  t∇× = −∂E B , t∇× = ∂B E ,                          (31) 
                  0∇⋅ =E , 0∇⋅ =B .                                (32) 
Let ( ) ii jk ijkτ ε= − , , , 1, 2,3i j k = , where ijkε  is a totally antisymmetric tensor with 
 11
123 1ε = . By means of matrix vector 1 2 3( , , )τ τ τ=τ  and the quantities ( n nI ×  denotes the 
n n×  unit matrix, 2,3,4...n = )  
















,                       (33) 















⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
,                                  (34) 




ψ ⎛ ⎞= ⎜ ⎟⎝ ⎠ ,                                       (35) 
one can rewrite the Maxwell equations as a Dirac-like equation (in this section ψ  denotes 
the photon field and 0ψ ψ β+≡ ) 
             i ( ) 0xμ μβ ψ∂ = , or ˆi ( ) ( )t x H xψ ψ∂ = ,                       (36) 
where ˆ iH = − ⋅∇χ  represents the Hamiltonian of the free photon and 0β=χ β . Let 
ˆ ( i )= × − ∇L x  be the orbital angular momentum operator, one can easily obtain 
ˆ ˆ[ , ] 0H + =L S , where 2 2I ×= ⊗S τ  satisfying 6 61(1 1)I ×⋅ = +S S  represents the spin 
matrix of the spin-1 field. In fact, one can show that the 6×1 spinor ( )xψ  transforms 
according to the (1,0) (0,1)⊕  representation of the Lorentz group, and can prove that 
( )( ) Ωμ ν μμ ν μβ β∂ ∂ = ∂ ∂ + , where ( ) 0Ω xψ = is identical with the transverse conditions 
given by Eq. (32)), thus Eq. (36) implies that the wave equation ( ) 0xμ μψ∂ ∂ = , where 
            ( )12 2 2 1 2 3
3
Ω [ ]I ×
∇⎛ ⎞⎜ ⎟= ⊗ ∇ ∇ ∇ ∇⎜ ⎟⎜ ⎟∇⎝ ⎠
.                           (37) 
However, as mentioned in the end of Section 3, to define the inner product and the mean 
value of an operator Lˆ  as 3d xψ ψ ψ ψ+′ ′≡ ∫  and 3ˆ dL L xψ ψ+≡ ∫ , respectively, the 
solutions of the Dirac-like equation (36) is chosen as those having the dimension of 
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[1/length]3/2 (rather than [1/length]2), such that they no longer correspond to the 
(1,0) (0,1)⊕  representation of the Lorentz group, but rather to particle-number density 
amplitude. For the moment, the normalization factor presented in ( )xψ  is chosen as 
1 V  instead of the original Vω . For convenience, here let ( , )kμ ω= k  (instead of 
the usual form ( , )kμ ω= −k ) denote the 4D momentum of single-photons, where ω  is 
also the frequency and k  the wave-number vector ( 1c= =? ). The fundamental solutions 
of the Dirac-like equation (36) are represented by the positive- and negative-frequency 
components, respectively 
             ,
,
( ) (1 ) ( , ) exp( i )
( ) (1 ) ( , ) exp(i )
k
k
x V f k k x





⎧ = − ⋅⎪⎨ = ⋅⎪⎩
,                     (38) 
where 1,0λ = ± , and 
               
2
( , )1( , )
( , )1
f k
ε λλ λε λλ
⎛ ⎞= ⎜ ⎟+ ⎝ ⎠
k
k
,                             (39) 
               
2
( , )1( , )
( , )1
g k
λε λλ ε λλ
⎛ ⎞= ⎜ ⎟+ ⎝ ⎠
k
k
,                             (40) 
where ( ,0)ε k  is the longitudinal polarization vector of the photons, while ( ,1)ε k  and 
( , 1)ε −k  are the right- and left-hand circular polarization vectors, respectively. Let 
( , 1)ε ∗ −k  denote the complex conjugate of ( , 1)ε −k  (and so on), in matrix form, they are 































⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
k
k
.          (41) 
Correspondingly, 1,0λ = ±  represent the spin projections in the direction of k . As we 
know, when the electromagnetic field are described by an 4D electromagnetic potential, 
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there involves four polarization vectors respectively describing four kinds of photons, while 
described by the 6×1 spinor ( )xψ  (constructed by the field intensities, up to a factor of 
dimension), there only involves three polarization vectors. Therefore, the 0λ =  solution 
describes the admixture of the longitudinal and scalar photon states, while the 1λ = ±  
solutions describe the transverse photon states. Moreover, one can examine the 
orthonormality and completeness relations 
                 
3 3
( , ) ( , )
( , ) ( , ) I
λλ
λ
ε λ ε λ δ








.                           (42) 
The fundamental solutions satisfy the orthonormality and completeness relations 
                 
0 0
3 3
, , , ,
3 3
, , , , , ,
d d
d d 0
k k k k
k k k k
x x
x x
λ λ λ λ λλ
λ λ λ λ
φ φ φ φ δ δ
φ φ φ φ
+ +
′ ′ ′ ′ ′ ′− −
+ +
′ ′ ′ ′ ′− −





,                 (43) 
                 
0 0
3
, , , , , , 6 6( )dk k k k x Iλ λ λ λλ φ φ φ φ+ +− − ×+ =∑ ∫ k k .                  (44)  
Let T T T( , )k
μ ω= −k  denote the 4D momentum of the transverse photons (described by the 
1λ = ±  solutions), while L L L( , )k μ ω= −k  the 4D momentum of the longitudinal and scalar 
photons (described by the 0λ =  solution). Substituting ( ) exp( i )k k xμ μϕ −  into Eq. (36) 
one has det( ) 0ω − ⋅ =χ k , using Eq. (32) one has  
                 1 T Tω ω± ≡ = k , 0 L L 0ω ω≡ = =k ,                     (45) 
which in agreement with the traditional conclusions that the contributions of the 
longitudinal and scalar photons to the energy and momentum cancel each other. In the 
following treatments, the 0=λ  solution is kept and only in the end let 0→μLk . 
    Using 0ψ ψ β+≡  the Lagrangian density can be constructed as  
                    ( )i ( )x xμ μψ β ψ∂L=                                (46) 
Applying the variational principle in 4dA x= ∫L  one can obtain Eq. (36). Likewise, one 
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can show that the Lagrangian density given by Eq. (46) is invariant under the 
transformation Eq. (1) (for the moment ψ  is the photon field). As a result, Eqs. (7)-(9) are 
also valid for the photon field ψ . In particular, as ˆh pμ μ= , one can prove that the 
generalized Noether charge is the 4D momentum of the photon field, it is 
              3 3
0
ˆ ˆ ˆi d dP p x p xμ μ μδ ψ ψ ψδ ψ
+= − =∂∫ ∫L .                      (47) 
Consider that antiphotons are identical with photons, we expand the general solution of Eq. 
(36) via the fundamental solutions ,k λφ  and ,k λφ−  as 
            , ,
,
1( ) [ ( , ) ( , ) ]
2 k k
x a k a kλ λ
λ
ψ λ φ λ φ+ −= +∑
k
,                    (48) 
where the creation and annihilation operators satisfy the commutation relations  
                  [ ( , ), ( , )]a k a k λλλ λ δ δ+ ′ ′′ ′ = kk ,                         (49) 
with other commutators vanishing. Using L L L( , ) 0k
μ ω= − →k  and Eqs. (47)-(49), one has 





ˆ (i t) d [ ( , ) ( , ) (1 2)]
ˆ ( i ) d [ ( , ) ( , )]
P x a k a k
x a k a k
λ
λ
ψ ψ λ λ ω











 .         (50) 
This is in agreement with the traditional theory. Now, we take the generalized Noether 
charge given by Eq. (9) with h xμ μ=  as the field-theoretical space-time position operator 
of the photon field. Using Eqs. (42) and (43), from 3ˆ dX x xμ μψ ψ+= ∫  one can obtain (the 
arguments and procedure are similar to those used in APPENDIX A). 





ˆ [ ( , ) ( , ) (1 2)](i )
ˆ [ ( , ) ( , )]( i )
X a k a k p















.                  (51)  
Likewise, there is also a zero-point time. For the moment, the space-time position operator 
Xˆ μ  can describe the space-time position of center of particle-number. 
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5. CONCLUSIONS 
In relativistic quantum theory, the consistency of the one-particle description is limited; 
the only relativistic quantum theory is a field theory that is interpreted as a many-particle 
theory. As a result, a field-theoretical space-time position operator can be properly defined 
in quantum field theory; it describes some kind of average space-time position of field 
quanta (e.g., the space-time position of the particle-number center or charge center of 
quantum fields). On the other hand, it plays the role of a generalized Noether charge 
associated with a local U(1) symmetry. As an interesting result, its second-quantized picture 
shows that quantum fields possess not only the zero-point energy, but also the zero-point 
time, which owing to the time-energy complementarity and associated with the time-energy 
uncertainty. Some new physical effects related to the zero-point time remains to be found.  
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APPENDIX A DERIVATION OF EQ. (20) 




1ˆ d { [ ( , ) ( , )exp(i ) ( , ) ( , )exp( i )]}
                         { [ ( , ) ( , )exp( i ) ( , ) ( , )exp(i )]}
s
s
X x c p s u p s p x d p s v p s p x x
V
c p s u p s p x d p s v p s p x
μ μ+ + +
′ ′
+
′ ′ ′ ′ ′ ′ ′ ′ ′ ′= ⋅ + − ⋅





,  (A1) 
In the position representation, xμ  is a multiplying factor. On the other hand, pν  and xν  
contained in ( )xψ  are always c-numbers (and so on). Therefore (A1) can be rewritten as 
1 2 3 4






1T ( , ) ( , ) ( , ) ( , ) exp[i( ) )]d
s s




′ ′ ′ ′ ′= − ⋅∑∑ ∫
p p




1T ( , ) ( , ) ( , ) ( , ) exp[i( ) )]d
s s




′ ′ ′ ′ ′= + ⋅∑∑ ∫
p p




1T ( , ) ( , ) ( , ) ( , ) exp[ i( ) )]d
s s




′ ′ ′ ′ ′= − + ⋅∑∑ ∫
p p




1T ( , ) ( , ) ( , ) ( , ) exp[ i( ) )]d
s s




′ ′ ′ ′ ′= − − ⋅∑∑ ∫
p p
,           (A6) 
Consider that Eq. (17) and  
exp( i ) ( i ) exp( i )x p x p p xμ μμ μ± ⋅ = ± − ∂ ∂ ± , 3 3( )d ( ) dp x p xμ μ∂ ∂ = ∂ ∂∫ ∫ ，          (A7) 
one has  
3
,
1 exp[ i( ) )]d (i )x p p x x p
V
μ
μ δ ′′± − ⋅ = ± ∂ ∂∫ p p ,                               (A8) 
3
0 ,
1 exp[ i( ) )]d ( i )exp( i2 )x p p x x p p t
V
μ
μ δ ′−′± + ⋅ = ± − ∂ ∂ ±∫ p p ,                    (A9) 
Applying (A8) and (A9), one has 
1
, ,
T ( , ) ( , ) ( , ) ( , )(i )
s s
c p s c p s u p s u p s pμ
+ +
′
′ ′= ∂ ∂∑
p
,                              (A10) 
2 0 0 0
, ,
T ( , , ) ( , ) ( , , ) ( , )( i ) exp(i2 )
s s
c p s d p s u p s v p s p p tμ
+ + +
′
′ ′= − − − ∂ ∂∑
p
p p ,           (A11) 
3 0 0 0
, ,
T ( , , ) ( , ) ( , , ) ( , )(i ) exp( i2 )
s s
d p s c p s v p s u p s p p tμ
+
′
′ ′= − − ∂ ∂ −∑
p
p p ,             (A12) 
4
, ,
T ( , ) ( , ) ( , ) ( , )( i )
s s
d p s d p s v p s v p s pμ
+ +
′
′ ′= − ∂ ∂∑
p
,                            (A13) 
Substituting Eq. (15) into (A10)-(A13), and using Eq. (16), one has 2 3T T 0= = , and 
1
,
T ( , ) ( , )(i )
s






T ( , ) ( , )( i ) [ ( , ) ( , ) 1](i )
s s
d p s d p s p d p s d p s pμ μ
+ += − ∂ ∂ = − ∂ ∂∑ ∑
p p
,             (A14) 





ˆ [ ( , ) ( , ) ( , ) ( , ) 1](i )
ˆ [ ( , ) ( , ) ( , ) ( , )]( i )
s
s
X c p s c p s d p s d p s p
c p s c p s d p s d p s
+ +
+ +






.                       (A15) 
Then Eq. (20) is valid. 
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